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1 n − log x = 0.577215 . . . .
Though less well-known than the numbers e and π , γ is ubiquitous in mathematics. In analysis, the Euler constant appears in the theory of the -function, (z). A good example of this is the famous Weierstrass product formula:
In number theory, γ has connection with the theory of Riemann's ζ -function. Indeed, the constant term in the Laurent expansion of ζ (s) at s = 1 is γ :
As another example, consider the representation
(−1) n ζ (n) n where ζ (s) denotes the Riemann zeta function. There are many series and integral representations of γ . For more examples we suggest [4] , which is a new book by Havil devoted to the Euler constant.
There are several generalizations of γ . In 1975, Lehmer [5] introduced the class of analogues of the Euler constant described below. Let us fix any natural number q; then for every integer a with 0 < a ≤ q, the limit
exists. These numbers, γ (a, q), are called Euler-Lehmer constants and have many interesting properties. The constants γ (a, q) are closely connected with γ . In particular, γ = 4γ (2, 4). At present it is still unknown whether γ or the γ (a, q) are transcendental. Murty and Saradha made progress in the study of the arithmetic nature of these numbers in 2010 [6] . Using Baker's theory of linear forms of logarithms, they proved the following theorem.
Theorem 1.
In the infinite list of numbers {γ (a, q)} with 1 ≤ a < q, q ≥ 2, at most one number is algebraic.
In particular, though we still do not know whether γ is algebraic or not, Theorem 1 implies that if γ is algebraic, then all numbers γ (a, q), (a, q) = (2, 4), are transcendental.
Studying the Riemann hypothesis in 2007, Diamond and Ford [3] introduced another generalization of Euler's constant arising from integers sieved by finite sets of primes. More concretely, for a fixed finite set of distinct primes , denote
Then the constant γ ( ) is defined as the following limit:
Note that γ = γ ( ) for = ∅. In the case when consists of the first r primes { p 1 , . . . , p r }, we replace by r in the previous notation. We can show that
We record here two interesting theorems of Diamond and Ford [3] , connecting the Riemann hypothesis (RH for short) with the generalized Euler constants.
Theorem 3. Assume RH is false. Then γ ( r ) < e −γ for infinitely many r .
In other words, the Riemann hypothesis is equivalent to the statement γ ( r ) > e −γ for all r > 0. Though we also do not know whether the constants {γ ( )} are algebraic, the method developed in [6] allows us to get a result for the infinite list of numbers {γ ( )} with the same "all but maybe one" flavor. The goal of this paper is to prove the following theorem. The proof of Theorem 4 involves Baker's theory on linear form of logarithms and some auxillary results on arithmetic functions, which we review in the next section.
PRELIMINARIES.
We will use the following fundamental theorem [2] . In order to apply Theorem 5, we will get a representation of γ ( ) in a convenient form. To do this, we will use properties of the Möbius function, which we recall below.
The Möbius function µ(n), defined as
is a multiplicative function, satisfying the following useful relations:
and
The following lemma is called the Möbius inversion formula.
Lemma 1 ([1], p. 32). Let f be any arithmetic multiplicative function. Define a function h(n) by
Then the following inversion formula holds:
If we define von Mangoldt's function (n), as (n) = log p if for some prime p we have n = p α , 0 otherwise, then log n = d|n (d), as is easily verified. Applying the Möbius inversion formula and using (1) gives
Applying Lemma 1 to the last equation yields:
More details on arithmetic functions can be found in [1] . Now let us get a representation for γ ( ) in closed form.
Lemma 2. Let be a finite set of primes. Then
Remark 1. It is easy to see that formula (4) remains valid for = ∅ if we understand
Proof. Denote P = p∈ p. By (1) and (2),
In particular, the above formula implies that δ is a rational number. Similarly,
Using (3),
Putting everything together, we get formula (4).
PROOF OF THE MAIN THEOREM (THEOREM 4).
We proceed by contradiction. Suppose, that for two different finite sets of primes 1 = { p 1 , . . . , p n } and 2 = {q 1 , . . . , q m } both numbers, γ ( 1 ) and γ ( 2 ), are algebraic. Then the difference
is also algebraic. By Lemma 2, this quantity is equal to
i.e., is a Q-linear form in logarithms of algebraic numbers. By Theorem 5, the last expression is either zero or transcendental. So to finish the proof it suffices to show that (6) does not vanish. Suppose, on the contrary, that
Denote c i =
It is easy to see that these numbers are rational; we define D to be the product of their denominators. Rewrite (7) in the form 
After taking both parts to the Dth power we get 
The right-hand side and the left-hand side in expression (9) are prime factorizations of natural numbers. Since, by assumption, the sets 1 = { p 1 , . . . , p n } and
